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I. Interaction of Light and Matter 
 
Molecular Spectroscopy uses light to probe structure and dynamics of molecules.  Most 
spectroscopy focuses on structure, e.g., electronic state quantum numbers, vibrational force 
constants, equilibrium geometries and moments of inertia.  Increasingly, experiments and theory 
are also probing dynamics, i.e., time development of quantum probability amplitudes generated 
by photolytic means.  Most of this course will deal with the structure aspects. 
 
Quantized field treatment:  The most general treatment of the interaction of an assembly of 
charged particles, e.g., electrons and nuclei, with an external electromagnetic field requires 
quantum electrodynamics.  The full Hamiltonian for the system is schematically 
 
 

! 

H = Hmatter+ H field + Hinteraction (I.1) 
 
Hmatter is the field-free Hamiltonian of the material system.  Hfield is the Hamiltonian of the free 
radiation field in the absence of the matter.  Transitions are caused by Hinteraction. 

 
Absorption  corresponds to the external field giving up a quantum of energy (photon) in a 
particular mode to the matter. 
 
Emission  is the opposite process.  Both stimulated and spontaneous emission are allowed. 
 
There are cases, e.g., spontaneous emission and multiphoton excitation, where it is more 
important to consider the radiation field quantum mechanically. 
 
Semiclassical field treatment:  The external field is treated classically, so the Hamiltonian 
becomes explicitly time-dependent.  The Hamiltonian for a system of charged particles 
(electrons and nuclei) in an external electromagnetic field becomes 
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H =
i

"
1

2mi

pi #qi A r i,t( )[ ]
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i
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!  

= Hmatter+ Hinteraction (I.2) 
 
Here the vector potential A and the scalar potential !  satisfy Maxwell's Equations 
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For many spectroscopic applications, it is sufficient to consider the fields semiclassically. 
 
Example:  Single mode electromagnetic field (Propagation along z-axis, linear polarization along 
x-axis)  Suitable vector and scalar potentials in MKS units are 
 

 

!  

A r , t( ) = " ˆ z 
1

c
E

x

0
x cos # t " k z( ) (I.4) 

 
 

!  

" r,t( ) = # Ex
0 x cos$ t # kz( ) (I.5) 

 
Insertion into Maxwell's equations leads to 
 
 

!  

E r,t( ) = ö x Ex
0 cos" t # kz( )  (I.6) 

 

 

!  

B r,t( ) = ö y 
1
c

Ex
0 cos" t # kz( )  (I.7) 

 
 !  :    angular frequency  (radians / sec) 
 "  = !  / 2# : circular frequency  (cycles / sec, Hertz) 
 k :  wave vector  
 $  :  wavelength  ( k = |k| = 2"  / $  = # / c) 
 

!  

÷ "   = "  / c : wave number  [ = 1 / $ (cm) ] 
 
In MKS units, the magnitudes of the electric and magnetic fields differ by c. 
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Figure I-1 
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General electromagnetic fields:  We can also have circularly- or eliptically-polarized EM fields 
using appropriate linear combinations of exp[+i(!  t–k.r)] and exp[–i(!  t-k.r)].  In addition, we 
may Fourier-analyze more general, non-monochromatic, fields as sums or integrals over many 
(k,! ) modes. 
 
Energy:  The classical electromagnetic field transports energy.  For the monochromatic EM 
wave above, the intensity (energy flow per sec per unit area) is given by the Poynting vector S(r, 
t) 
 

 

!  

S =
1

µ
0

E " B, S = S =
1

µ
0
c

Ex
0
2

cos
2 # t $ kz( )  (I.8) 

 
which "poynts" in the direction of propagation (positive z in Fig. I-1). Here µ0 is the magnetic 
permeability of free space, 4#/107.  The cycle-averaged intensity is 
 

 

! 

S =
1

2µ0 c
Ex

0 2
 (I,9) 

 
Force:  The Lorentz force on a particle (charge q and velocity v) due to the EM field is 
 
 

!  

F = qE + qv " B  (I.10) 
 
The two terms differ in magnitude by |v|/c.  The lightest charged particles we worry about are 
electrons, and the ratio |v|/c for an electron in the lowest Bohr orbit of the hydrogen atom is % ≈ 
1/137.  Thus, the electric field provides the dominant force in EM radiation fields. 
 
 

Multipole Expansions 
 
The interaction of an external electromagnetic field with an assembly of charged particles, e.g., 
an atom or molecule, is frequently described by terms in the Hamiltonian containing multipole 
moments and powers of the fields.  First, let us introduce the center of mass of the molecule, 
 

 

!  

R =
i
" mi

M
ri , M =

i
" mi  (I.12) 

 
Then expand the vector and scalar potentials in the Hamiltonian of Eq. (I.2) about R, 
 

 

!  

H =
i

" 1
2mi

pi # qi A R,t( ) # qi r i.$( )A R,t( ) # ...[ ]
2

+
i, j

" VCoulomb r i # r j( )  

 
  

! 

+
i
"qi # R,t( ) +

i
"qi ri .$( )# R,t( ) + ... (I.13) 
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At this point, it is convenient to perform a unitary (gauge) transformation initially considered by 
Maria Göppert-Meyer in the 1930's to express everything in terms of the E and B fields at the 
center of mass.  Later extended by others, it is now called the Power-Zienau-Woolley 
transformation, and expresses the Hamiltonian in the Multipolar Gauge as 
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where the fields are evaluated at R and the multipole moments are moments of charge and 
current in the molecule. 
 
 

Electric monopole moment (E0 -- total charge) 
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qtot =
i
"qi  (I.15) 

 
Electric dipole moments (E1) 
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µ
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Electric quadrupole moments (E2) 
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Magnetic dipole moments (M1) 
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Here P is the momentum operator for motion of the center of mass.  In the absence of magnetic 
fields, one can separate center of mass motion from the other coordinates in H.  Otherwise, 
coupling terms in the last line of Eq. (I.14) prevent complete separation.  The multipole moments 
depend only on degrees of freedom independent of the center of mass and are approximately 
calculable by ordinary quantum chemistry methods.  Magnetic monopoles (M0) have so far not 
been observed in nature. 
 
 
Spin:  Since the electrons and nuclei also have spin, extra terms appear in the molecular 
Hamiltonian and multipole moments.  For example, in addition to the magnetic dipole terms in 
(23) corresponding to orbital motion of the charges, there are also intrinsic  contributions arising 
from the spin si of each particle 
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where gi is a constant which, for electrons, is very close to 2.  In a related vein, the nuclei in the 
molecule may possess permanent electric quadrupole moments which must be added to (I.17).  
We will not worry further about these terms for now. 
 
Magnitudes of laboratory fields:  For uniform DC electric fields, E = 108 Volts / m is a large  
field (near typical thresholds for gas breakdown due to ionization).  The atomic unit of electric 
field strength is the field experienced by the electron of the hydrogen atom in its first Bohr orbit 
due to the proton -- 5 & 1011 Volts / m.  For uniform magnetic fields, 105 Gauss is large for 
macroscopic fields, whereas an atomic-scale field is ≈ 2 & 109 Gauss.  Laboratory fields are 
minor perturbations in these cases.  A similar comparison holds for CW lasers instead of DC 
fields.  However, fast-pulse lasers are now capable of delivering very high peak intensities, at 
least for short periods of time.  Not surprisingly, the chief effect seems to be to tear molecules 
apart via ionization. 
 
Electric dipole approximation:  The magnetic dipole (M1) interactions tend to be reduced by a 
factor of % ~ 1/137 relative to the elctric dipole (E1) interactions.  For E2 interactions, we expect 
reduction in size by k

! 

r  where 

!  

r  is some average distance of particles from the center of mass, 
i.e., usually only a few Angstroms.  Even for wave numbers in the ultraviolet region of the 
spectrum, k

!  

r  is small.  For example, at a wavelength $ = 260 nm, k = 2 # / $ = 0.0024 Å–1.  
Thus the fact that optical wavelengths are usually much larger than molecular dimensions means 
that optical spectroscopy is dominated by the E1 term unless the molecular electric dipole 
happens to be very small.  The electric dipole approxmation neglects all interactions above E1, 
resulting in 
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2mi
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+
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-- The second-to-last term also vanishes if the molecule is neutral (qtot = 0), leaving only the 
dipole moment term. 

-- The latter term is frequently simplified by stating that the origin of the coordinate system is 
the molecular center of mass.  This gives the common simplified Hamiltonian for a neutral 
molecule 

 

 

!  

Hel" dip =

i

# 1
2mi

pi
2

+

i, j
# VCoulomb ri " r j( ) " µ

e( ) $E 0,t( ) 

 
 

! 

= H0 +H ' (I.21) 
 
Here H0 is the field-free molecular Hamiltonian and H' is the term coupling the molecular 
coordinates to the external field.  This is the starting point for most semiclassical treatments of 
interaction of a molecule or atom with an EM field, and it is what we focus on.  If we need to 
include translational motion, we go back a step. 
 
 
 
 
 

Time-dependent perturbation theory 
 
How does one solve Eq. (I.21) in general?  The time-dependent Schrödinger equation for this 
system is 
 

 
  

!  

H0 + H '" ih
#
#t

$ 

% 
& 

'  

( 
) * r1,r2,...,r

N
,t( ) = 0 (I.22) 

 
H0 is assumed to have orthonormal eigenfunctions &k(0) and eigenenergies Ek(0), 
 
 

!  

H0 " E
k

0( )[ ]#
k

0( )
r1,r2,...,r

N( ) = 0, (I.23) 

 
providing a suitable basis for expansion of the full wave function: 
 
 

  

!  

" r1,r2,...,r
N

,t( ) =
k

# c
k
t( ) exp $i E

k

0( )
t /h[ ] "

k

0( )
r1,r2,...,r

N( )  (I.24) 

 
All the time–dependence of the wave function appears in the coefficients, which must now be 
determined.  This is the Dirac variation of constants procedure.  The exponentials are explicitly 
included for convenience (they could be included in the ck).  Inserting this Ansatz  into Eq. (I.22) 
and making use of Eq. (I.23), 
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k

0( ) r1,r2,...,r
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! 

= 0 (I.25) 
 
This can be multiplied by &m(0)* and integrated over all coordinates (using the orthonormality of 
the wave functions) to obtain a system of time-dependent equations for the ck, 
 
 

  

!  

k

" exp #i E
k

0( )
t /h[ ] c

k
t( ) m H ' k # i h ˙ c 

k
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!  

i h ˙ c k t( ) =
k
" ck t( )exp i# mk t( ) m H ' k , # mk =

Em
0( ) $ Ek

0( )

h
 (I.27) 

 
Now let us assume the monochromatic field used before (with 

!  

Ex
0 " Fx

0 to avoid confusion), 
neglecting the spatial dependence of the cosine term in the long wavelength limit 
 
 

!  

E r,t( ) " ö x F
x

0 cos# t( ) (1.28) 
 
 

!  

H' = " µ
e( ) #E r,t( ) $ " µx

e( ) Fx
0 cos%t( )  (I.29) 

 
If the molecule starts in state n, then ck(0) = ' kn.  Then the sum reduces to a single term (k = n) 
and we find to a first approximation that the time-integral of (I.27) between 0 and t yields  
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Suppose ! mn > 0 [Em(0) > En(0)].  If !  ≈ ! mn, the last term, which comes from the exp(-i!  t) 
term of the cosine, dominates because the denominator becomes small.  The first exponential is 
called the antiresonant  term and is usually negligible by comparison for #  ≈ #mn; dropping this 
term is called the Rotating Wave Approxmation.  The resonant behavior of the transition 
amplitude corresponds to photon absorption (we need a quantized field treatment to really prove 
this).  When squared, we get the instantaneous transition probability 
 

 
  

! 

c
m
t( ) 2 "

F
x

0

2h

2

m µ
x

e( )
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2 exp i#
mn
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! 

=
Fx

0

h

2

m µx
e( ) n

2 sin "mn #"( ) t /2[ ]
"mn #"

2

 (I.31) 

 
If we start from state m and calculate the probability of emission to n, this corresponds to the 
negative frequency region #  ≈ –# mn, so that the first bracketed term in Eq. (I.30) dominates.   It 
turns out that we end up with exactly the same result except that <m|µx(e)|n> becomes 
<n|µx(e)|m>.  Thus, since the squares of these amplitudes are the same, the probability of 
absorption from n to m is the same as for stimulated emission  from m to n.  Spontaneous 
emission is not part of this semiclassical description. 
 
 
Range of validity 
 
Upper bound on t: 
 
Eq. (I.30) neglects second and higher orders in time-dependent perturbation theory.  It is only 
valid provided the transition probability does not grow too large, i.e., |cm|2 << 1.  From Eq. (I.31) 
we can see that, for times short relative to the inverse of the detuning #  – # mn, the transition 
probability grows as t2, 
 

 
  

!  

cm t( ) 2
"

Fx
0

2h

2

m µx
e( ) n

2

t2 (I.32) 

 
and reliability of the first-order treatment requires that 
 

 

  

!  

t <<
2h

Fx
0 m µx

e( ) n
 (I.33) 
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Lower bound on t: 
 
For a fixed value of t, the probability in Eq. (I.31) varies with !  as the square of the sinc [or 
sin(x)/x] function 
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Figure I-2 

 
The nodes immediately around the main lobe fall at !  = ! mn ± 2"  / t, so that the effective width 
for which the probability is significant is given by ' !  = 4"  / t.  Our neglect of the antiresonant 
term above ammounted to assuming that this sinc function does not overlap an analogous one 
centered around !  = – ! mn, i.e., that 
 

 

!  

2 " mn >> #" =
4$
t

 (I.34) 

 
Therefore, for the Rotating Wave Approximation to be valid, 
 

 

!  

t >>
2"

#
mn

 (I.35) 

 
Consistency of the two bounds (I.33) and (I.35) therefore requires that 
 

 
  

! 

" Fx
0 m µx

e( ) n << h#mn  (I.36) 

 
i.e., that the matrix element of the perturbation between states m and n be much smaller than 
their energy splitting.  Thus, Eq. (I.31) is also limited to fields weak enough to satisfy Eq. (I.36). 
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Rabi Oscillations 
 
N. F. Ramsey, "Molecular Beams",  p. 119 
J. I. Steinfeld, "Molecules and Radiation", p. 329 
 
Suppose there are only two states 1 and 2 undergoing a resonant transition with unperturbed 
wave functions &1, &2 and energies   

!  

E1 = h" 1 and   

!  

E2 = h" 2.  In  this two-state case, we do not 
have to use perturbation theory.  [Consequently, we drop the superscript (0).]  Instead, we 
attempt to directly solve for the time-dependent coefficients c1(t) and c2(t) in 
 
 

!  

" t( ) = c
1
t( )" 1 + c

2
t( )" 2  (I.37) 

 
Inserted in the time-dependent Scrödinger equation, we get 
 

 
  

! 

H
0

+H '"ih
#

#t

$ 

% 
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' 

( 
) c1 t( )*1 + c

2
t( )*2[ ] = 0  (I.38) 

 
One can take projections separately with &1* and &2* to obtain equations for the ci(t): 
 
 

  

!  

i h ˙ c 
1

t( ) = c
1

t( ) 1 H
0

+ H ' 1 + c
2

t( ) 1 H
0
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!  

= c
1
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2
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!  

i h ú c 2 t( ) = c1 t( ) 2 H0 + H'1 + c2 t( ) 2 H0 + H' 2  
 
  

!  

= c
1

t( ) 2 H '1 + c
2

t( ) E
2
 (I.40) 

 
Here it is assumed that the eigenstates are orthonormal and that the perturbation H' has no 
diagonal elements between them (usually the case).  From the discussion above, we throw away 
the antiresonant  term in each case, i.e., keep the e–i! t exponential for absorption (1( 2) and the 
ei! t term for stimulated emission (2( 1), leading to the equations 
 

 
  

! 

i h ú c 1 t( ) = c1 t( ) E1 " c2 t( ) 1µx
e( ) 2

1
2

Fx
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1
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2
t( ) E

2
 (I.42) 

 
If the eigenstates are real, the matrix elements of the dipole moment are also real.  We define the 
Rabi frequency to be 
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0 (I.43) 
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in terms of which 
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The solutions to these equations are 
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! 
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where '  is the detuning of the field frequency from the transition frequency of the atom or 
molecule 
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h
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and 
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1
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The probability of being in the excited state at time t is then 
 

 

! 

P2 t( ) = c2 t( )
2

=
"R

2

#2 sin2 # t
2

$ 

% 
& 

' 

( 
)  (I.50) 

 
i.e., it oscillates  with a frequency ) /2 which depends on the amount of detuning, the transition 
dipole moment, and the field intensity. 
 
Cases: 
) t = #, 3#, 5#, ... -- P2 maxes out at # R2 / ) 2, i.e., population inversion 
If on-resonance, '  = 0, )  = ! R, P2 maxes out at 1, i.e., complete inversion 
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Figure I-3 

 
Note:  This has assumed that the field amplitude 

!  

F
x

0 is constant.  It turns out that, on resonance, 
similar results hold if 

! 

Fx
0 = 

!  

Fx
0(t) varies slowly in time relative to the optical cycle (i.e., as in 

pulsed lasers).  The field can be slowly turned on and off, and the relevant quantity is the pulse 
area at time t 
 

 
  

! 

A t( ) =
1

h "#

t

$ 2 µ
x

e( )
1 F

x

0
t'( )dt' (I.51) 

 
with P2 = sin2[A(t)/2].  If A(t) = #, 3#, ..., we get population inversion and call this a "  pulse. 
 
Example:  For the particular case of the calcium 4 1S (  4 1P resonance transition at $ = 422.7 
nm, the transition dipole matrix element is 2.4 x 10–29 C–m [R. C. Hilborn, Am. J. Phys. 50, 982 
(1982)].  If we take an electric field strength of 104 Volts/m, this gives us # R ≈ 2.4 x 10–29 x 104 
/ 1.05 x 10–34 = 2.3 x 109 Hz.  So a single complete Rabi oscillation for this field strength takes 
about 0.43 ns. 
 
Variation:  Some experiments can also look at the behavior as function of detuning for fixed 
time 
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 (I.52) 

 
The envelope of the oscillations has a Lorentzian falloff with detuning.  See T. R. Dyke, et. al., J. 
Chem. Phys. 57, 2277 (1972). 
 
Time limits:  Rabi oscillations will not continue forever.  Eventually other processes such as 
spontaneous emission to other states, collisions and loss of phase coherence among the atoms or 
molecules in the system will interfere. 
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Short-time and weak-field limit of Rabi oscillation:  If we look at small ) t, Eq. (I.50) gives -- 
P2 ≈ ! R2 t2 / 4, the same result as first-order perturbation theory, Eq. (I.32).  This is only valid at 
the very beginning of the first cycle in the graph above. 
 
 
 Averaging Over Finite Frequency Ranges 
 
In practice the light source always has a finite bandwidth and measurements of photon 
absorption integrate over some finite range in energy or frequency (no truly monochromatic 
sources!).  To do this, we want to use the radiation energy density.  
 
First, for the monochromatic plane wave with electric field in direction x, the cycle-averaged 
energy flow per second per unit area (intensity) is 
 

 

!  

S =
1

2µ0 c
Fx

0 2
 (I.53) 

 
The energy of the field passing through a cross-sectional area A in time t is therefore given by 
(Fx0)2 A t / 2 µ0 c.  This energy sweeps out a volume A c t, so the radiation energy density is the 
ratio of these two quantities 
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1
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0
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0
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0

2
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x

0
2

 (I.54) 

 
where *0 (= c2/µ0) is the permittivity of free space.  For monochromatic light, the number of 
photons is simply   

!  

"
x
/h# . 

 
Let us go back to the weak-field perturbation theory expressions for the transition probability so 
that we are not in principle limited to two states.  The probability of an absorption transition from 
n to m (≠ n) is then given by (I.31) rewritten as 
 

 
  

!  

c
m
t( )
2

=
2 "

x

h2#
0

m µ
x

e( )
n

2 sin $ %&%
m n( ) t[ ]

2$ %&%
m n( )

2

 (I.55) 

 
"White" light:  For non-monochromatic light sources, we must average this over the 
frequencies.  If there is a continuous range, we replace +x by ux(, ) d, , where ux(, ) is an energy 
per unit volume per unit frequency interval, and integrate: 
 

 
  

!  

cm t( )
2

=
2

h
2" 0

m µx
e( ) n

2

dv ux #( )$
sin % # &#mn( ) t[ ]

2% # &#mn( )

2

 (I.56) 

 
The integration is illustrated in Fig. I-4. 
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Figure I-4.  From Atkins, "Molecular Quantum Mechanics" 

 
As t grows, the sinc-squared function in the integrand becomes more and more sharply peaked at 
the center frequency ! mn = 2#" mn, the height growing as t2 and the width diminishing as 1/t.  
The area under this curve then grows as t.  In this limit ux(" ) may be approximated by ux(" mn) 

and the integral extended to (-∞,∞) without major error.  Using  --∞
∞ [sin(x)/x]2 dx = #, Eq. (I.56) 

becomes 
 

 
  

!  

cm t( )
2

=
1

2h
2" 0

m µx
e( ) n

2

ux #mn( ) t  (I.57) 

 
This is Fermi's Golden Rule, the probability that a single molecule in state n makes a transition 
to state m after illumination for a time t.  We then say that the number of molecules making this 
transition per second (the transition rate) is given by 
 

 
  

!  

d
dt

Nn cm t( )
2

"
1

2h2#
0

m µx
e( ) n

2

Nn ux $mn( ) (I.58) 

 
where Nn is the number of molecules initially in state n.  It is important to remember that the 
linear t-dependence of |cm|2 in Eq. (I.57), or the constancy of the rate in Eq. (I.58), is the result of 
having averaged over a finite bandwidth. 
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Isotropic (unpolarized) light:  If the radiation is isotropic instead of plane-polarized, we have 
ux = uy = uz = u/3, where u is the total radiation density per unit frequency.  In this case, 
 

 
  

! 

cm t( )
2

"
1

6h2#0

m µ
e( ) n

2

u $mn( ) t  (I.59) 

 
where <m|µ (e)|n> is the transition dipole moment (a vector), that is 
 

 

! 

m µ e( )
n

2

= m µx
e( )
n

2

+ m µy
e( )
n

2

+ m µz
e( )
n

2

 (I.60) 

 
Watch for factors of (1/3) in the literature.  In this case, it is due to the unpolarized light.  In 
others, it is due to an averaging over random orientations of the molecule. 
 
Dirac delta functions:  Another thing one commonly finds in the literature for these expressions 
is a Dirac delta function in frequency.  This is easily understood from the above.  One of the 
standard representations of the delta function [Cohen-Tannoudji, et. al., Quantum Mechanics, p. 
1470] tells us that, using standard scaling properties of delta functions, 
 

 

!  

lim
t " large

sin # $ %$mn( ) t[ ]
# $ %$mn( )

2

= # t & # $ %$mn( )[ ] = t & $ %$mn( )  (I.61) 

 
Therefore Eq. (I.56) for x-polarized light leads to 
 

 
  

! 

lim
t"large

cm t( )
2

=
t

2h2#0

m µx
e( ) n

2

ux $mn( ) d$% & $ '$mn( ) (I.62) 

 
and this is frequently abbreviated without the 

!  

d"# .  Whenever such a delta function appears it 
must be remembered that an integration over frequency must be performed, even if it is only a 
tiny region of integration. 
 
Actually, the transition may be broadened by means discussed later, in which case the .  function 
will be replaced by a less singular lineshape function also normalized to unit area. 
 
In practice the finite bandwidth of the light source may allow transitions to several or many 
states m.  In this case, the total probability of photon absorption is 
 
 

!  

P t( ) =

min band
" cm t( )

2 (I.63) 

 
and the total rate of absorption is, as before, Nn dP/dt. 
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Macroscopic Picture of Absorption and Emission 

 
Assume a monochromatic collimated beam impinging on a sample 
 

Sample

Absorption

k , ! k , !

Sample

Stimulated Emission
k , ! k , !

Sample

Spontaneous Emission

k1, !

k2, !

k3, !
k4, !

k5, !
 

Figure I-5 
 
Absorption and stimulated emission correspond to subtraction and addition, respectively, of 
photons to the beam.  In both cases, the departing photons have the same frequency and 
momentum as those entering. 
 
Spontaneous emission corresponds to photons having the same frequency !  and k = |k| = ! /c, 
but with roughly an isotropic distribution of directions of k. 
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Momentum is conserved.  Absorption of a photon with momentum p =   

!  

hk (p = h/$) means the 
sample acquires this momentum. 
 
 
 

Einstein Rate Equations 
 
Einstein provided an argument by which the spontaneous emission  probability could be obtained 
from the semiclassical theory, even though it does not normally appear there.  (This is motivated 
by the fact that all excited states experimentally have finite lifetimes before decay by photon 
radiation or some other process even if an external field is not applied.) 
 
Consider a system of matter and radiation in equilibrium at temperature T.  In the case of 
unpolarized white light or a continuous range of light, we calculate from Eq. (1.59) the rate of 
absorption to be 

! 

Bn"m Nn u #mn( ) , where 

!  

Bn" m is the Einstein coefficient for absorption, 
 

 
  

!  

Bn" m =
1

6h
2#0

m µ e( ) n
2

 (I.64) 

 
The rate of stimulated emission from m to n is similarly 

! 

Bm"n Nm u #mn( ) , where we have 
introduced a new B constant.  However, we know from the discussion after Eq. (I.31) that 
 
 

!  

B
n" m

= B
m" n

# B  (I.65) 
 
To accommodate spontaneous emission (present even when u = 0), we must introduce another 
rate constant;  the rate of spontaneous emission from m to n is 

!  

A
m" n

N
m

.   We abbreviate this as 
well, remembering that there is only one A constant. 
 
 

 
Figure I-6 

 
 
For simplicity, let us now consider that there are only two states available, 1 and 2.  The rates of 
change of the populations are then given by 
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!  

dN1

dt
= "

dN2

dt
= " B1# 2N1u $21( ) + B2# 1N2 u $21( ) + A2# 1N2 

 
  

!  

= " BN
1
u+ BN

2
u+ AN

2
 (I.66) 

 
 
 

!  

B1" 2 = B2" 1 # B, A2" 1 # A, u $21( ) # u (I.67) 
 
 

! 

N1 + N2 = N = const (I.68) 
 
At steady state, the rates of upward and downward transitions balance, so 
 
 

!  

BN1 u = BN2 u+ AN2 (I.69) 
 

 

!  

N2

N1
=

Bu
Bu+ A

 (I.70) 

 
If the system is also in thermal equilibrium, the equilibrium values of N2 and N1 are given by a 
Boltzmann distribution, so that (kB = Boltzmann constant) 
 

 

!  

N2

N1
= exp "

h#21

kB T

$ 

% 
& 

'  

( 
)  (I.71) 

 
and 
 

 

!  

A = Bu exp
h" 21

kB T

# 

$ 
% 

& 

'  
( ) 1

* 

+ 
,  

- 

.  
/   (I.72) 

 
For  a cavity at room temp (300 K), h" 21 = kBT for " 21 ≈ 6 & 1012 Hz or $ ≈ 50 µ (far infrared).  
Longer wavelengths (microwave, RF) correspond to h"  << kBT or A << Bu, i.e. thermally 
stimulated emission dominates.  For shorter wavelengths (near-IR, vis, UV), spontaneous 
emission dominates. 
 
Now Planck's famous law for blackbody radiation in equilibrium with matter gives 
 

 

! 

u "( ) =
8# h" 3

c3

1

exp
h"
kB T

$ 

% 
& 

' 

( 
) *1

 (I.73) 

 
so evaluating this at , 21 and inserting into (I.72) leads to 
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! 

A = B
8" h#

21

3

c
3

=
16" 4 #

21

3

3$
0
hc

3
2 µ e( )

1

2

 (I.74) 

 
(These relations are slightly modified if either level 1 or 2 is degenerate -- See Steinfeld's text.)  
It is possible to integrate exactly the rate equations for the two level system, leading to an excited 
state population 
 

 

!  

N2 t( ) = N2 0( ) "
N Bu
2Bu+ A

# 

$ 
% 

& 

'  
( exp " 2Bu+ A( ) t[ ] +

N Bu
2Bu+ A

 (I.75) 

 
with N1 = N – N2, N = const.  Alternatively, instead of using the ensemble description, we can 
use the probability density P2(t) = N2(t) / N, 
 

 

!  

P2 t( ) = P2 0( ) "
Bu

2Bu+ A

# 

$ 
% 

& 

'  
( exp " 2Bu+ A( ) t[ ] +

Bu
2Bu+ A

 (I.76) 

 

Steady state population: 

! 

P
2
"( ) =

Bu
2Bu+ A

 (I.77) 

 
Special case:  No radiation field (u = 0) 
 
 

!  

P2 t( ) = P2 0( ) exp " At( )  (I.78) 
 
The spontaneous rate relates to the natural lifetime of the excited state, i.e., the population 
decreases by 1/e after a time 1/A. 
 
Special case:  Weak radiation field  (B u << A) 
 

 

!  

P2 t( ) = P2 0( ) exp " At( ) +
Bu
A

1" exp " At( )[ ]  (I.79) 

 
Exponential change to weak steady state population. 
 
Special case:  Intense radiation field (B u >> A) 
 

 

!  

P2 t( ) = P2 0( ) "
1

2

# 
$ % 

& 
'  ( 
exp " 2But( ) +

1

2
 (I.80) 

 
Exponential rise (or fall, if there is initial population inversion) to steady state population of 1/2.  
Fully saturated transition.  Only 1/2, at most, of the population can be in level 2 at long times.  
Then population inversion (P2 > 1/2) can only occur if some pumping mechanism other than 
radiation contributes, or if more than two levels are considered. 
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Beer's Law and Einstein Coefficients 
 
In practice, light is sent into macroscopic samples of matter and attenuation is measured as a 
function of light frequency ("absorption spectrum"). 
 
 

 
Figure I-7. Absorbing quantum system 

 
 
We take A' = cross-sectional area (cm2) here, not to be confused with the Einstein coefficient. 
 
The light-source intensity I (W/cm2-Hz) is related to the energy density per unit frequency 
interval (sometimes called spectral energy density) by 
 
 

! 

I "( ) = c u "( )  (I.81) 
 
Also, the intensity is related to the photon flux /  (photons/cm2-sec) impinging on the sample by 
dividing by the photon energy, 
 

 

!  

" #( ) =
I #( )
h#

=
c u #( )
h#

 (I.82) 

 
The number of photons passing through area A' in time t is therefore 
 

 

!  

" #( ) A't =
I #( )
h#

A't  (I.83) 

 
Now assume the optically-thin limit of small fractional absorption, I ≈ I0.  Almost all the 
molecules are in the ground state and P2(t) << 1, i.e., we can ignore stimulated and spontaneous 
emission.  In this limit, P2(t) is  [see Eq. (I.76)] 
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!  

P2 t( ) = P2 0( ) "
Bu

2Bu+ A

# 

$ 
% 

& 

'  
( exp " 2Bu+ A( ) t[ ] +

Bu
2Bu+ A

 

 

  

! 

"
1

2
1# exp #2But( )[ ] " But =

BI t
c

 (I.84) 

 
The number of lower-state molecules in an infinitesimal volume element A' dL is  
 
 

! 

N
1

= n
1

A' dL (I.85) 
 
where n1 is the density of molecules in state 1 (N1 ≈ N).   The number of excited molecules 
produced in this volume element during time t is therefore 
 

 

! 

N
2

= N P
2

t( ) =
n
1

A' dLBI t
c

 (I.86) 

 
and this must be equal to the number of photons that have been absorbed, corresponding to a 
decrease in light intensity dI < 0: 
 

 

!  

n
1

A' dLBI t
c

= "
dI
h#

A' t  (I.87) 

 
or 
 

 

!  

dI

I
= " n

1
dL B

h#
c

 (I.88) 

 
Integration of Eq. (1.85) gives us 
 

 

!  

I = I0 exp " n1B
h#
c
L

$ 

% 
& 

'  

( 
) = I0 exp " * L( )  (I.89) 

 
The absorbance or optical depth % L is the fractional decrease ln(I0/I), where the absorption 
coefficient % can be expressed using our form for the Einstein B-coefficient (unpolarized light) 
as 
 

 
  

!  

" = n1 B
h#
c

= n1

h#
c

1
6$0 h2 2 µ

e( ) 1
2

 (I.90) 

 
Eq. (I.89) is Beer's Law, and Eq. (I.90) provides a direct link between the macroscopically 
measured % and the microscopically calculated transition dipole matrix elements. 
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The absorption cross section is the contribution per molecule to the absorption coefficient, 
 

 

! 

" #( ) =
$ #( )
n1

= B
h#
c

 (I.91) 

 
and has units area/molecule.  This represents an effective area each molecule presents to 
incoming photons.  Beer's Law then is expressed as 
 
 

!  

I = I0 exp " n1# L( )  (I.89') 
 
Note:  In the literature, you will frequently find that Beer's Law stated as 
 
 

!  

I /I0 = 10"#C L  (I.89'') 
 
where C is the concentration in moles/liter and (  is the extinction coefficient in liters/mole-cm. 
This is mostly just a change of units, but there is also a change from the natural base of 
logarithms to base 10.  Watch out for numerical factors of ln(10) = 2.303 in the value of %. 
 
Caveat: In many discussions, the rate of photon absorption is expressed in terms of the cross 
section: 
 

 

!  

R =
dP2

dt
=

BI
c

=
" I
h#

= " $  (I.92) 

 
In practical applications, the cross section always has some width in frequency.  If " 0 is the 
center frequency, then one integrates over this bandwidth (assumed for the moment to be much 
narrower than the bandwidth of u(, )), 
 

 

!  

B =
c

h" 0
# "( )d"$  (I.93) 

 
Oscillator strength: This is also a commonly used quantity for description of electronic 
transitions, 
 

 

!  

f =
" #

0
mc

3

2" 2$
0

2
e
2
A =

4 " #
0
mh$

0

" e2
B =

mc

" e2
%$( )d$&  (I.94) 

 
For single-electron transitions from state i to j in the atom or molecule, the value of this quantity 
is that the sum over all states j equals unity (sum rule), 
 
 

!  

j
" fi j = 1 (I.95) 

 
Here fi j gives the relative  transition strength into each level j starting from level i. 
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Line Broadening 

 
Homogeneous broadening: Each element of an ensemble has an identical environment and 
resonant frequencies 
 
Lifetime (or natural) broadening 
Spontaneous emission is a primary example.  All excited levels radiate.  The excited state 
populations decay exponentially in time, leading to Lorentzian lineshapes, 
 

 

! 

" #( ) = "0 g #( ), g #( ) =
$#HWHM /%

# &#0( )2 +$#HWHM
2

, ' g #( )d# = 1 (I.96) 

 
Here g(" ) is the lineshape function and ) 0 is the integrated absorption cross section (units 
cm2/sec, not cm2) 
 
 

!  

"
0

= #" $( )d$  (I.97)  
 

|m>

|n>

! m

! n 2"# HWHM

$0 / % "# HWHM

Lineshape  
 

Figure I-8. Spontaneous emission and Lorentzian lineshape 
 
 
 Weisskopf and Wigner result for spontaneous emission transition from m to n: 
 

 

!  

" #HWHM =
$ave

2%
, $ave =

1

2

1

&n
+
1

&m

'  

( 
) 

* 

+ 
,   (I.98) 

 
If |n> is the ground state, there can be no emission.  Then 
 

 

!  

"
n

= # , $%
HWHM

=
1

4&"
m

 (0.99) 

 
Spectral lines are unsharp to this degree. 
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Pressure (or collision) broadening:  Collisions shorten excited state lifetimes.  The lineshapes are 
still Lorentzian except that there is a collisional contribution to 

! 

"#HWHM . 
 
Inhomogeneous broadening:  Each molecule in an ensemble has different resonant frequencies. 
 
Doppler broadening 
If an atom or molecule has velocity component vz along the propagation direction of the EM 
field, this changes the number of cycles it encounters per second.  The frequency is changed 
from the lab frequency " 0 to 

!  

" = "
0
1± vz /c( ) .  There is usually a distribution of velocities, 

e.g., the probability for a given vz is proportional to a Boltamann factor exp(-mvz2/2kT).  This 
produces a gaussian lineshape, 
 

 

!  
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$ %#HWHM
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# &#0( )2
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2

'  
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 (I.100) 

 

 

!  

" #( ) = " 0 g #( ), $#HWHM =
#
c

2kB T ln 2( )
M

 (I.101) 

 

 
Figure I-9.  (a) Homogeneously and (b) inhomogeneously broadened lineshapes. 

From Steinfeld, Molecules and Radiation 
 
Thermal populations of internal vibrational and rotational states of molecules: To the extent that 
these are unresolved in spectroscopic experiments, this is inhomogeneous broadening. 
 
Power (saturation) broadening: If the radiation is too intense, first order perturbation theory 
cannot be used because of the substantial depletion of lower level population. 
 
Local environments may provide further broadening 
 1. External fields for gas phase 
 2. Amorphous solids 
 3. Liquid phase 
 4. Adsorption on surfaces 
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Cross section revisited 
 
The derivation of the absorption cross-section above used broadband radiation.  Relaxing this 
restriction, the rate of upward transitions can be written as a frequency integration over the cross-
section times the photon flux 
 

 

!  

R =
dP
2

dt
= d"# $ "( )% "( )  (I.102) 

 
In the broadband excitation limit, it is assumed that the molecular cross-section is sharply peaked 
with respect to the spectral energy density u(" ) = (h" /c) / (" ), which can then be approximated 
by its value at line center and taken out of the integral 
 

 

!  

R
broadband

" # $
0( ) d$% & $( ) = # $

0( ) h$
0

c
B  (I.103) 

 
However, in the narrowband limit (often the case using lasers!), this rate is instead approximated 
by replacing the lineshape of the transition by it's value at the band center of the light source 
 
 

! 

Rnarrowband " # $0( ) d$% & $( ) (I.104) 
 
In other words, we chew a hole out of the spectral profile of the transition. 
 
 
Maximum value of cross section:  It is generally true that the cross section for a transition is 
limited to a minimum width determined by natural broadening.   If this is the only broadening 
mechanism present, it can be proven that exactly on resonance )  takes the value 
 

 

! 

"max =
#

2

2$
 (I.105) 

 
and this is true no matter what the system is.  For an optical wavelength around 600 nm, this is ≈ 
6 x 10–10 cm2.  However, the presence of any other broadening mechanisms can reduce the 
actual value of )  enormously (several orders of magnitude). 
 
 
 
 

Selection Rules 
 
One-electron:  In the case of a one-electron atom, the eigenfunctions are 
 
 

!  

"
nlm

r,#,$( ) = R
n l
r( ) Ylm #,$( ) (I.106) 
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where the 

!  

R
n l

 are the familiar radial hydrogenic wave functions and the 

!  

Yl m are spherical 
harmonics, defined in terms of the associated Legendre polynomials by 
 

 

! 

Y
lm

",#( ) = N
lm

P
l

m
"( ) 1

2$
e
im#  (I.107) 

 
Given an arbitrarily-oriented external field 1 , the perturbing Hamiltonian is proportional to 
 
 

! 

E " r = r Ex sin#cos$ + Ey sin#sin$ + Ez cos#( )  (I.108) 
 
In transition matrix elements between two states 

!  

" n' l 'm'  and 

!  

" nlm, the orientational variables can 
be explicitly integrated out for each of these terms (see, e.g., Condon and Shortley, The Theory 
of Atomic Spectra): 
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 (I.109) 

 

!  

0

"# d$sin$
0

2"# d%Yl' m'
* $,%( ) sin$cos%Yl m $,%( )  

 

 

!  

= "
#l ', l +1#m',m+1

2

l + m+1( ) l + m+ 2( )
2l +1( ) 2l + 3( )

+
#l ', l " 1#m',m+1

2

l " m( ) l " m" 1( )
2l " 1( ) 2l +1( )

 

 

  

!  

+
"
l',l+1"

m',m#1

2

l #m +1( ) l #m + 2( )
2l +1( ) 2l + 3( )

#
"
l',l#1"

m',m#1

2

l +m( ) l +m #1( )
2l #1( ) 2l +1( )

 (I.110) 
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Thus we have the selection rules for electric dipole transitions 
 
  z-polarization:  ' l   =   ±1 ' m   =   0 
  x-,y-polarization: ' l   =   ±1 ' m   =   ±1 
 
Changes in n, governed by the radial matrix elements, are not restricted.  As long as there are no 
spin-dependent terms in the Hamiltonian or dipole operator, there are no spin transitions (' ms = 
0). 
 
Parity:  One can show that the parity of the wave function, the factor by which it changes under 
reflection of all the coordinates through the origin, is (–1)l.  (This comes from the behavior of the 
spherical harmonic functions under the reflection.)  The electric dipole operator is of odd parity;  
In order for the matrix element to not vanish, i.e., for the total integrand have even parity, the 
parity of the two wave functions must be different (Laporte rule). 
 
Aside:  In actuality, the hydrogen atom is a pathological example because of a very special extra 
degeneracy.  Most spherically symmetric potentials are not degenerate in the l quantum number, 
but a higher symmetry of the hydrogen atom allows this to happen, e.g., the 2s levels are 
degenerate with the 2p levels in the absence of spin-orbit interactions.  As a direct consequence 
of this, the hydrogen atom allows for a separation of variables in either parabolic or spherical 
coordinates, but the parabolic eigenfunctions are not all eigenfunctions of parity.  As an example 
(see Pauling and Wilson, Introduction to Quantum Mechanics), the most convenient zeroth-order 
wave functions for describing the hydrogenic Stark effect involve linear combinations of the 2s 
and 2p wave functions, and the latter have different parities.  In general, however, we can 
classify atomic wave functions by parity. 
 
Higher multipoles:  Electric quadrupole (E2) and magnetic dipole (M1) operators have even 
parity.  Therefore the selection rules require that initial and final states have the same parity. 
  


