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We present a novel approach for constructing hybrid functionals by using a local mix of regular
density functional theory (DFT) exchange and exact Hartree-Fock (HF) exchange. This local hybrid
approach is computationally feasible for a wide range 02f molecules. In this work, the local mix of HF
IV8/;I
7, the exact kinetic energy density. This particular choice of local mix yields 100% of exact exchange
in one-electron regions. Dissociation energy curves, binding energies, and equilibrium geometries for
two-center three-electron symmetric radical cations can be modeled accurately using this scheme. We
also report encouraging results for reaction energy barriers, and somewhat disappointing atomization

and DFT exchange is driven by the ratio of 7w = , the Weizsicker kinetic energy density, with

energies for the small G2 set.

I. INTRODUCTION

Density functional theory (DFT) [1] is a very successful
model for studying chemical systems. DFT predicts ther-
mochemical and structural properties with accuracy sim-
ilar to conventional correlated ab initio methods such as
second order perturbation theory (MP2) when compared
to experimental data. This is achieved even though DFT
is computationally more cost-effective [2] than MP2.

Hybrid functionals are the most popular class of func-
tionals for molecules because of their improved results
over local density approximation (LSDA) and general-
ized gradient approximations (GGA) for molecular ther-
mochemistry and structural calculations. Hybrid meth-
ods include a fixed combination of conventional DFT and
exact Hartree-Fock exchange with a small added compu-
tational cost. Traditionally, 20 to 256% of exact HF ex-
change is included in hybrid methods [3, 4]. However,
multiple examples of the failure of this type of mixing
[5] show that an excess or deficiency of exact exchange is
present for some systems. Ideally, the mixing coefficient
should be determined according to the properties of each
system [6].

Despite the wide success of approximate density func-
tional theory, current functionals exhibit problems when
modelling certain type of systems. Problematic situa-
tions include radicals, reaction energy barriers, charge
transfer complexes, Rydberg excited states, and van der
Waals interactions. Some of these difficulties arise in part
as a consequence of the presence of self-interaction error
in current functionals. This error appears because the
self-coulomb energy of the electron density is not can-
celed out by the exchange interaction. Despite several
efforts to correct this problem [7-9], self-interaction er-
ror remains a significant roadblock for the construction
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of more accurate functionals.

Self-interaction error may be ameliorated by using a
portion of exact HF exchange in the functional. In the
HF method, part of the exchange energy exactly cancels
out the self-coulomb energy. As a matter of fact, the
success of hybrid methods may be partially attributed
to the reduction of self-interaction error by the use of a
fixed portion of HF exchange in the functional. Other
authors have also proposed a combination of long-range
HF exchange with short-range GGA exchange [10].

In this paper, we propose a local hybrid scheme to im-
prove the self-interaction error: our functional resorts to
100% HF exchange in the regions of the density domi-
nated by one-electron-type behavior. We also here assess
the performance of such a scheme on a selected group of
systems that have shown problems due to self-interaction
error when calculated using traditional functionals. Tests
of atomization energies in the small G2 set are also in-
cluded for comparison.

II. THEORY

For a system with one electron, the sum of Coulomb
and exchange-correlation energy should be equal to zero.
This is the case when the HF method is considered, but is
not true for most density functionals. As a result, all cur-
rently used exchange functionals include self-interaction
error. Using the HF method in connection with a self-
interaction free DFT correlation functional fixes the self-
interaction error. Unfortunately, the quality of results
drops dramatically for molecules [11, 12]. This is in part
due to the lack of non-dynamical correlation that is in-
cluded in the exchange functionals.

In this paper, we define a local hybrid functional where
the amount of exact HF and DFT exchange varies ac-
cording to the local properties of each system, with the
variation of the mixing given by a local function, f(r),



determines how much exact exchange and DFT exchange
are to be included at each point in space. With self-

Exc = /dgrp( @)X (x) + (1 = f(r))e(r) 4+ ept ! (ieraction error in mind, the mixing function that we
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In the formula above, “DFT” stands for regular DFT
exchange and correlation, e.g., LSDA or GGA. Exact ex-
change is introduced in this scheme using the exact ex-
change energy density that we derive from the definition
of the non-local exact exchange energy expression,

Ex = /e';?a“(rl) r)d’r; =

(2)
An expansion on the atomic basis yields
X (r1)p(r1) =
Xa(r2)Xx(r2)
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We have implemented the exact exchange energy den-
sity using Eq. (3). However, our results were computed
much faster and with similar accuracy using the localized
HF (LHF) implementation of Della Sala and Gorling [13],
which uses a resolution of the identity to simplify Eq. (3)
into

e (r)p(r1) = Y QuuXu(r1)xw (r1), (4)

where

1 1
(Q:§SJKP+§PKSA, (5)

where S, P, and K are the overlap, density, and HF
exchange matrices, respectively.
The latter is

Kuw =Y Pu(udlow). (6)
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Eq. (4) was utilized for all the calculations reported in
this paper.

The expression for the exact exchange energy density
can be written in ways different from the one that we
have chosen for this work [14]. In principle, any function
that integrates to the exact exchange energy can be used.
This includes the possibility of adding to the density ex-
pression a factor that integrates to zero. In this work, we
have chosen not to include a factor like this.

Once the exact exchange density is determined, the
next key ingredient for our local hybrid scheme is choos-
ing a local mixing function f(r). This mixing function
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propose highlights the s1ngle orbital dominated regions
following Becke’s self-correlation detection function [15):

™w
fo)=1-—, (7)
T
where 7 is the kinetic energy density. 7 is the
Weizsicker kinetic energy density approximation and is
defined as follows
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It is important to note that 7y is exactly equal to 7 in
one-electron regions, i.e., regions where ¢ ~ e~?". Also
notice that

T > 0, 9)
w 2> 0, (10
T Z ™, (].].
and thus
0< ™ <1, (12)
T

Substituting Eq. (7) into Eq. (1) we obtain

)R (r) + e (r) + €27 (r).

(13)

xo=(1-

There will be no self-interaction for one-electron re-
gions where T = 7 since only exact exchange is used

W1 xo=ex® () +eRTE). (19)
Only DFT exchange will be considered for homoge-
neous region (rw = 0),

]
o0 o=@ TR, (19)

Tw is equal to zero for uniform densities (|Vp|? = 0).

ote also that Savin and co-workers [16] have used Ty as
a “local band gap” in recent work. From this viewpoint,
our mixing function is such that exact exchange is turned
off when the local gap has metallic character.

Local hybrid functionals, as proposed here, belong to
the fourth rung on Jacob’s ladder of density functional
approximations as proposed by Perdew and Schmidt [12].
When the PBE [17] exchange functional and the P B
[18] correlation functional are used in Eq. (13), all the



properties for the fourth rung are satisfied. By construc-
tion, the exchange energy is set to be self-interaction free
for any one-electron density. In the high density limit,
such as near the nucleus of an atom, 7 7. Thus, only
exact exchange and DFT correlation are used, which is
normally believed to be a good approximation for the
high-density limit. If we define

o Tt = (BT e, (16)

then local hybrid functionals can be expressed as

_TTW)GC - a C+€C a C. (17)

xc = e(;?act + (1

From this perspective, our strategy allows for the in-
troduction of position dependent contributions of non-
dynamical correlation according to the characteristics of
the system under consideration.

III. CO UT TION ETHOD

All calculations were carried out with a development
version of the a 4an program suite [19]. DFT calcu-
lations in this work were performed using both post-HF
and post-LSDA densities.

We have used two different sets of approximate density
functionals when testing our local hybrid approach. On
one hand, we have used Becke88 exchange [20] with L P
correlation [21], which we call -BL P. On the other
hand, we have used PBE exchange with P B correla-
tion, which we will refer to as -PBEP  B. Both cor-
relation functionals above include some self-interaction
correction. P B correlation is self-interaction free in
the one-electron regions.

I . REUT ND DI CU ION

A set of molecules that has been widely studied to
assess the performance of density functionals is the sym-
metric radical cations A, [22-27] and their two-center
three-electron (2c-3e) bond A-A. Most functionals over-
estimate the stability of these systems and render equilib-
rium bond lengths that are too long. These errors origi-
nate from self-interactions [24, 26] and, in some cases,
from the inclusion of non-dynamic correlation terms
when there is none present [23]. The features of this
set makes it an ideal candidate to test our local hybrid
approach.

Dissociation curves were calculated to study the sta-
bility of the two-center three-electron systems (A, ). For
the sake of clarity, the geometry of each fragment (A)

-0.48 T T T

BLYP ----
B3LYP ---—-
Lh-BLYP

-0.54

w 056 R
-0.58 __<‘>>_—~>:
-0.60 4
-0.62 L L L Il

0 2 4 6 8 10
R (A)

FIG. 1: Dissociation curves for H calculated with -

311G (3df,3pd) basis set and , 3 ,and h-

functionals.

was kept constant. Only the inter-fragment distance was
varied using finite steps of 0.0125 A to generate poten-
tial energy curves. The optimized geometries of the frag-
ments were taken from Gill and Radom [28]. The 6-
311G++(3df,3pd) basis set was used for all the 2-center
3-electron calculations.

Figure 1 shows the dissociation curve of H, for BL P,
B3L P, and -BL P. In this case since H, is a one-
electron system, by construction, our local hybrid func-
tional coincides with the exact HF curve, regardless of
the particular DFT exchange and correlation functional
used. Figure 2 presents our results for (HF), using
BL P,B3L P, -BL P,and -PBEP B.]It can be
seen from this figure how the local hybrid scheme signifi-
cantly improves the dissociation behavior with respect to
BL P and B3L P. Similar results were obtained for He, ,

ey, Ar,, (H30),, and ( Hj), but are not displayed
for brevity.

Table I presents the calculated equilibrium bond
lengths for H,, He,, e,, Ar,, (HF),, (H20),, and
( Hs),. All DFT results were obtained using a post-
HF procedure. Post-LSDA equilibrium bond lengths are
within ~0.01 A of the post-HF results both for regu-
lar and local hybrids. As expected, this difference was
slightly larger for BL P. Equilibrium bond lengths are
greatly improved for the local hybrid functionals with re-
spect to BL P, B3L P, and HF results when compared
to experimental data and ab initio calculations. On aver-
age, local hybrid errors are at least half of the traditional
hybrid errors.

Table II shows binding energies calculated for H,,
He,, e,, Ar,, (HF),, (H20),,and ( Hs),. All DFT
results in Table IT were calculated using a post-HF pro-
cedure. Binding energies were calculated using the sepa-
rated cation and neutral fragments and the equilibrium
structure, as follows
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T I: quilibrium bond lengths ( ) for the dissociation

of two-center three-electron symmetric radical cations.
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H He e r (HF) HO) ( H)
1.13 1.1 1.12.3 1 2.1 2.2

3 1.11 1.1 1. 3 2. 1. 2.0 2.23
h- 1.0 1.0 1. 2.1 1.0 2.0 2.2
h- 1.0 1.0 1. 2. 1. 0 2.0 2.23
HF 1.0 1.0 1.0 2. 1. 2.01 2.20
Xp. 1.0 10 1 2. 2 - - -
2 - 10 1 2. 1. 2.0 2.1

eference 22
(4,)=BA)+EA )-F (&)  (8)

o zero-point energy ( PE) corrections were applied.
The results calculated using a post-LSDA procedure
differ from those using a post-HF one, on average, by 1
or 2 kcal mol both for local and regular hybrids. Again,
this difference is slightly larger for BL P. Local hybrids
greatly improve the dissociation energies for the systems
under consideration. B3L P overestimates, on average,
the stabilization energies of the A, type systems by al-
most 15 kcal mol and BL. P by almost 20 kcal mol. In
contrast, -BL P overestimates them by 2 kcal mol on
average,and -PBEP B underestimates them, on av-
erage, by 2 kcal mol. Both functionals yield remarkably
consistent results throughout the seven systems. This
large and significant improvement for the binding ener-
gies is a direct consequence of the functional exibility to
accommodate variable quantities of exact exchange de-
pending on the weight function, which in turn depends

T II: inding energies (kcal mol) for two-center three-
electron symmetric radical cations.

H He e r (HF) (HO) ( H)

. . 3 1.3 1. 1.0
3 . 2 .1 0 .0 1 .
h- 3 33. 31. 3. 3. 3.
h- 3 0.3 30. 303 3 .2 33. .
HF 3 31 1. 1.1 1. 2.
xp. 1.3 3. 2.3 - - ;

- 33312. 3. 3.1 3

eference 22

on the local position and overall molecular configuration
(i.e, the A-A separation).

The amount of exact exchange that the functional em-
ploys varies throughout the dissociation curve of each sys-
tem. To illustrate this issue, we define an average global
mixing parameter, , to compare the overall amount
of exact exchange that the local hybrid uses for a given
system, at a given configuration, with respect to the tra-
ditional global hybrids. If we define E®*3t | the exact
exchange energy utilized by the local hybrid for a given
system as

poact = / drpm)[(1 - fE)eF (@), (19)

and E ¥, the exact Hartree-Fock exchange for that sys-
tem, then we define  as

Eexact

(20)

Figure 3 shows the change in the average global mixing
parameter  along the bond dissociation coordinate for

e, . At large interatomic distances, the overall amount
of exact exchange is larger that at bonding distances. It
is worth noting that e, is very well described by the
local hybrid in spite of the particularly poor results ob-
tained using BL P, B3L P, and HF. In this case, the
amount of exact exchange varies from 64 to 67% and is
substantially larger than that of B3L P. ote that even
if  is in the 20 to 25% interval, the local hybrid may
yield significantly different results than the correspond-
ing global hybrid because of the local uctuations in the
amount of exchange inherent to local hybrids.

T H H H H

In order to illustrate the capabilities of the local hybrid
scheme, we have calculated the reaction energy barrier
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T III: eaction energy barrier (kcal mol) for the linear
hydrogen abstraction H H H H.

Functional nergy arrier
HF 1.
2.
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h- 10.
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D(T)
Xp.

ero-point energy correction for this reaction is estimated
at 1 kcal mol 2 , and should be substracted from the
data tabulated here before comparing to experiment.
eference 2

for a chemical reaction that has traditionally been a dif-
ficult case for GGA and hybrid functionals: the simplest
hydrogen abstraction, H, +H  H + Hs. In general, re-
action barriers are deemed too low when calculated using
GGA or hybrid functionals [29].

Table IIT presents the classical reaction energy bar-
rier calculated utilizing BL. P, B3L P, HF, accurate ab
initio methods, and the local hybrids, and the exper-
imental value. Our DFT calculations for the reaction
barrier were carried out using a post-HF procedure with
the 6-311G++(3df,3pd) basis set. The geometries of Hy
and the linear transition state were optimized using a
gradient minimization of self-consistent HF with the 6-
3114++G(3df,3pd) basis sets. As with other calculations
performed in this work, the post-LSDA results are very
close to the post-HF ones (not quoted in Table III).

The reaction energy barrier for the hydrogen abstrac-

5.0

T I : tatistical data for atomization energies
(kcal mol) of the small G2 set (  molecules). 1l calcula-
tions are carried out using post-HF densities.

3 h-
3. 1 1.
2 . 23. 1.
-1. -1. - .3

ax (-) dev.
ax () dev.

ean absolute error. oot mean square deviation.

tion is significantly improved with the introduction of
local hybrids. If we include a PE correction of around 1
kecal mol [29], then the reaction energy barrier calculated

with  -BL P is within 1 kcal mol of the experimental
value. Results for -PBEP B are not as accurate
as for -BL P but are considerably better than HF,

B3L P, or BL P. The results for this reaction are very
encouraging and show a significant improvement with re-
spect to traditional density functionals.

C.

We have calculated atomization energies for the small
G2 set [30] (55 molecules) to assess the performance of
the local hybrids. This test is usually performed to gauge
the accuracy of new functionals. Equilibrium geometries
at the MP2 6-31G level were used for the 55 molecules.
All calculations presented in this section were performed
using a post-HF scheme and the 6-311G++(3df,3pd) ba-
sis set.

Table I summarizes the average absolute deviations
for the atomization energies of the G2 set. In this partic-
ular case, we have compared to the atomization energies
calculated by adding PE to experimental enthalpies of
formation of molecules from gaseous atoms at 0 . All
experimental data were taken from the sources recom-
mended by Curtiss et a. [30]. PE corrections at the
HF 6-31G level [31] were used in all cases. The fact that
we use post-HF densities for all DFT calculations also
affects these results. Therefore, it is important to note
that the average absolute deviations entries for BL P
and B3L P in table I differ from the results presented
by other authors [3, 30] and appear higher that expected.

Unfortunately, the local hybrids underperform when
compared with BL P or B3L P. In general, the local
hybrids tend to underestimate the atomization energies.
It should be noted that our local hybrids have not been
parametrized using experimental data. An examination
of the average global mixing parameter, , for the 55
molecule of the set shows that the local hybrid function-
als use too much exact exchange, and not enough DFT
exchange. Thus, for the G2 set type of molecules the re-
sults tend toward exact HF exchange + DFT correlation,



a method known to yield poor thermochemistry.

CONC U ION

We have presented a new local hybrid functional
scheme with position dependent amounts of exact ex-
change that partially corrects self-interaction error in ex-
change functionals. Our method is computationally ef-
fective for a wide range of molecular systems. Two-center
three-electron symmetric radicals can be modeled accu-
rately with the new scheme both at a qualitative and
quantitative level, something that cannot be done accu-
rately with traditional GGA and hybrid functionals. Dis-
sociation energies and equilibrium distances for the 2c-3e
systems improve dramatically when calculated using our
new local hybrid compared to other functionals. We have

presented an example of a reaction energy barrier with
quite remarkable results. Data for atomization energies
on the small G2 set is somewhat disappointing compared
to the rest of the results presented here. We hope that
further exploration of local mixing functions will result
in improved results for atomization energies and other
properties.
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